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Abstract
For the infinite-dimensional extension of the Dirichlet distribution, the super Poincare´
inequality does not hold based on the result in [14], so we establish the weighted su-
per Poincare´ inequalities for this measure with respect to two different Dirichlet forms
respectively.
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1 Introduction
Let n ≥ 1 be a natural number, and let α = (α1, · · · , αn+1) ∈ (0,∞)
n+1. The Dirichlet
distribution µ
(n)
α with parameter α is a probability measure on the set
∆(n) :=
{
x = (xi)1≤i≤n ∈ [0, 1]
n : |x|1 :=
n∑
i=1
xi ≤ 1
}
∗corresponding author email address: 201321130173@mail.bnu.edu.cn
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with density function
(1.1) ρ(x) :=
Γ(|α|1)∏
1≤i≤n+1 Γ(αi)
(1− |x|1)
αn+1−1
∏
1≤i≤n
xαi−1i , x = (xi)1≤i≤n ∈ ∆
(n),
where |α|1 :=
∑n+1
i=1 αi, denoted byD(α1, α2, · · · , αn, αn+1). This distribution arises naturally
in Bayesian inference as conjugate prior for categorical distribution, and it describes the
distribution of allelic frequencies in population genetics, see for instance [7]. We introduce
two generators of diffusion processes whose stationary distributions both are the Dirichlet
distribution.
(1) The first type operator and Dirichlet form:
L
(n)
α,1f(x) =
n∑
i=1
xi(1− |x|1)(∂
2
i f)(x) + {αi(1− |x|1)− α∞xi}∂if(x), f ∈ C
2(Rn).
E
(n)
α,1 (f, g) := µ
(n)
α,α∞
(
(1− |x|1)
n∑
i=1
xi∂if∂ng
)
, f, g ∈ C1(Rn).
(1.2)
(2) The second type operator and Dirichlet form:
L
(n)
α,2f(x) =
n∑
i,j=1
xi(δij − xj)(∂ijf)(x) +
n∑
i=1
(αi − |α|1xi)∂if(x), f ∈ C
2(Rn).
E
(n)
α,2 (f, g) := µ
(n)
α,α∞
( n∑
i,j=1
xi(δij − xj)∂if∂jg
)
, f, g ∈ C1(Rn).
(1.3)
[3] extend the measure µ
(n)
α and the operator (1.2) to the infinite-dimensional case. Consider
the infinite-dimensional simplex
∆(∞) :=
{
x ∈ [0, 1]N : |x|1 :=
∞∑
i=1
xi ≤ 1
}
,
which is equipped with the L1-metric |x− y|1. Let
α(n) := (α1, · · · , αn−1,
∑
i≥n
αi, α∞).
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We define a probability measure on ∆(n),
µ
(n)
α(n)
:= D(α1, α2, · · · , αn−1,Σi≥nαi, α∞);
a probability measure on ∆(∞),
µ(m)α,α∞(dx) := µ
(n)
α(n)
(dx1, · · · , dxn)
∏
i>n
δ0(dxi).
According to [3], we know {µ
(m)
α,α∞}m≥1 weakly converges and we denote the limit as µ
(∞)
α,α∞ .
FCp is the Cp-cylindrical functions for p ≥ 1,
FCp := {∆(∞) ∋ x := (xi)i≥1 7→ f(x1, · · · , xm) : m ≥ 1, f ∈ C
p(∆(m))}.
For the Dirichlet distribution and the first type Dirichlet form, S. Feng, L. Miclo and
F.-Y. Wang have established the Poincare´ inequalities for the finite-dimensional case and the
infinite-dimensional case in [3]. Then the super Poincare´ inequality for the finite-dimensional
case is established in [14] by F.-Y. Wang and the author of this paper. What’s more, [3] also
proved that the form
E
(∞)
α,1 (f, f) := µ
(∞)
α,α∞
(
(1− |x|1)
∞∑
n=1
xn∂nf∂ng
)
f, g ∈ FC1
is closable in L2(µ
(∞)
α,α∞) and the closure is a symmetric Dirichlet form. The generator
(L
(∞)
α,1 ,D(L
(∞)
α,1 )) of the Dirichlet form E
(∞)
α,1 satisfies FC
2 ⊂ D(L
(∞)
α,1 ),
L
(∞)
α,1 f(x) =
∞∑
n=1
(
xn(1− |x|1)∂
2
nf(x) + {αn(1− |x|1)− α∞xn}∂nf(x)
)
, f ∈ FC2.
In [10], Stannat have established the Poincare´ inequality for the Dirichlet distribution
with respect to the second type Dirichlet form and also established the Poincare´ inequality for
the Fleming-Viot process. In [14], F.-Y. Wang and the author of this paper have established
the super Poincare´ inequality for the second type Dirichlet form about finite-dimensional
case. Following the idea of [3], we can also prove that the form
E
(∞)
α,2 := µ
(∞)
α,α∞
( ∞∑
i,j=1
xi(δij − xj)∂if∂jg
)
f, g ∈ FC1
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is closable in L2(µ
(∞)
α,α∞) and the closure is a symmetric Dirichlet form. The generator
(L
(∞)
α,2 ,D(L
(∞)
α,2 )) of the Dirichlet form E
(∞)
α,2 satisfies FC
2 ⊂ D(L
(∞)
α,2 ),
L
(∞)
α,2 f(x) =
∞∑
i,j=1
xi(δij − xj)(∂ijf)(x) +
∞∑
i=1
(αi − |α|1xi)∂if(x), f ∈ FC
2.
In [10], Stannat proved the invalidity of the log-Sobolev inequality when the state space
contains infinite states. In fact, by the same method, we can prove the F-Sobolev inequality
doesn’t hold, then neither does the super Poincare´ inequality hold.
In this paper, we firstly introduce some properties of the Dirichlet distribution in section
one, then we establish the weighted super Poincare´ inequality for the Dirichlet form E
(∞)
α,1 and
the measure µ
(∞)
α,α∞ in section two. At last, we obtain the weighted super Poincare´ inequality
for the Dirichlet form E
(∞)
α,2 and the measure µ
(∞)
α,α∞ in section three.
2 Property of the Dirichlet distribution
The Dirichlet distribution possesses many nice properties. One of the properties is the
partition property of µ
(n)
α for α ∈ (0,∞)n. Let (X1, · · · , Xn) have law µ
(n)
α , let {A1, · · · , Ak}
be a partition of the set {1, · · · , n}, and set
Yj =
∑
r∈Aj
Xr, βj =
∑
r∈Aj
αr, j = 1, · · · , k.
Then (Y1, · · · , Yk) has law µ
(k)
β with parameter β := (β1, · · · , βk) ∈ (0,∞)
k.
We give another property of the Dirichlet distribution µ
(n)
α which we will use later. For
any m > n, we define the map
Tm : ∆
(n) ×∆(m−n) → ∆(m),
Tm : (x1, x2, · · · , xm) 7−→ (x1(1− Σn<i≤mxi), · · · , xn(1− Σn<i≤mxi), xn+1, · · · , xm).
T : ∆(n) ×∆(∞) → ∆(∞),
T : (x1, x2, · · · ) 7−→ (x1(1− Σi>nxi), · · · , xn(1− Σi>nxi), xn+1, · · · ).
Fixed n ≥ 1, ∀f ∈ FC1(∆(∞)), we denote the number of the variables of f as m. Let
µ1 := D(α1, α2, · · · , αn, α∞)
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is a probability measure on ∆(n).
µ
(m)
2 := D(αn+1, αn+2, · · · , αm−1,Σi≥mαi,Σ
n
i=1αi + α∞)
is a probability measure on ∆(m−n).
µ
(m)
2,∞(dx) := µ
(m)
2 (dx1, · · · , dxm)
∏
i>m
δ0(dxi)
is a probability measure on ∆(∞). By the same proof of the weak convergence of {µ
(m)
α,α∞}m≥1
in [3], we know {µ
(m)
2 }m≥1 weak converges and we define the limit as µ
(∞)
2 .
Proposition 2.1.
µ(∞)α,α∞(f) = µ1(µ
(∞)
2 (f ◦ T )) :=
∫
∆(n)
∫
∆(∞)
f ◦ T (x, y)µ
(∞)
2 (dy)µ1(dx).
Proof. As f has m variables, so
µ1(µ
(m)
2,∞(f ◦ Tm)) = µ1(µ
(m)
2 (f ◦ Tm))
=
Γ(
∑n
i=1 αi + α∞)∏n
i=1 Γ(αi)Γ(α∞)
Γ(
∑∞
i=1 αi)∏m−1
i=n+1 Γ(αi)Γ(
∑
i≥m αi)Γ(
∑n
i=1 αi + α∞)
·
∫
∆(m)
f(Tm(x))x
α1−1
1 · · ·x
αn−1
n ·
(
1−
n∑
i=1
xi
)α∞−1
x
αn+1−1
n+1 · · ·x
αm−1
m−1 x
Σi≥mαi−1
m
·
(
1−
m∑
i=n+1
xi
)∑n
i=1 αi+α∞−1
dx1 · · · dxm
=
Γ(
∑∞
i=1 αi)∏m−1
i=1 Γ(αi)Γ(
∑
i≥m αi)Γ(α∞)
·
∫
∆(m)
f(Tm(x))x
α1−1
1 · · ·x
αn−1
n
(
1−
m∑
i=n+1
xi
)∑n
i=1 αi−n
· x
αn+1−1
n+1 · · ·x
αm−1
m−1 · x
∑
i≥m αi−1
m ·
[(
1−
m∑
i=n+1
xi
)(
1−
n∑
i=1
xi
)]α∞−1
·
(
1−
m∑
i=n+1
xi
)n
dx1 · · · dxm
=
Γ(
∑∞
i=1 αi)∏m−1
i=1 Γ(αi)Γ(
∑
i≥m αi)Γ(α∞)
·
∫
∆(m)
f(y)yα1−11 · · · y
∑
i≥m αi−1
m
(
1−
m∑
i=1
yi
)α∞−1(
1−
m∑
i=n+1
xi
)n
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· det(∇T−1m (y))dy1 · · · dym
=
Γ(
∑∞
i=1 αi)∏m−1
i=1 Γ(αi)Γ(
∑
i≥m αi)Γ(α∞)
·
∫
∆(m)
f(y)yα1−11 · · · y
∑
i≥m αi−1
m
·
(
1−
m∑
i=1
yi
)α∞−1
dy1 · · · dym
= µ
(m)
α(m)
(f) = µ(m)α,α∞(f).
We have used
det(∇T−1m (y)) =
(
1−
m∑
i=n+1
xi
)−n
,
[(
1−
m∑
i=n+1
xi
)(
1−
n∑
i=1
xi
)]
=
(
1−
m∑
i=n+1
xi
)
−
(
1−
m∑
i=n+1
xi
) n∑
i=1
xi = 1−
m∑
i=1
yi.
So we get
(2.1) µ1(µ
(m)
2,∞(f ◦ Tm)) = µ
(m)
α,α∞
(f).
Let m→∞ at the both side of (2.1), we get
µ(∞)α,α∞(f) = µ1(µ
(∞)
2 (f ◦ T )) :=
∫
∆(n)
∫
∆(∞)
f ◦ T (x, y)µ
(∞)
2 (dy)µ1(dx).
3 The weighted super Poincare´ inequality for the first
type Dirichlet form
According to Theorem 1.1 in [14], from the Nash inequality, we can get the super Poincare´
inequality for the Dirichlet distribution µ
(n)
α and Dirichlet form E
(n)
α,1 . Combining the super
Poincare´ inequality with the Poincare´ inequality, we can obtain the weighted super Poincare´
inequality for infinite-dimensional Dirichlet distribution and Dirichlet form E˜
(∞)
α,1 .
Theorem 3.1. Let γi ≥ 1, i ≥ 1. Denote
E˜
(∞)
α,1 (f, f) := µ
(∞)
α,α∞
( ∞∑
i=1
γiyi(1− |y|1)(∂if)
2
)
, f ∈ D(E˜
(∞)
α,1 ).
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Then the weighted super Poincare´ inequality
µ(∞)α,α∞(f
2) ≤ rE˜
(∞)
α,1 (f, f) + β
(1)(r)µ(∞)α,α∞(| f |)
2, f ∈ FC1(∆(∞))
holds, there is a positive constat cn such that
β(1)(r) ≤ cn
(
r
3
)−[∑ni=1 1∨(2αi)+(α∞−1)+]
,
where n comes from the smallest value which satisfies
1
(
∑n
i=1 αi + α∞) infi>n γi
≤ r.
Proof. ∀r > 0, n is the smallest value which satisfies
1
(
∑n
i=1 αi + α∞) infi>n γi
≤ r.
∀f ∈ FC1(∆(∞)), and the number of the variables of f is denoted as m. If m ≤ n, by the
result of [14], we have the super Poincare´ inequality
µ(∞)α,α∞(f
2)
≤ rµ(∞)α,α∞
( ∞∑
i=1
xi(1− |x|1)(∂if)
2
)
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤ rµ(∞)α,α∞
( ∞∑
i=1
xiγi(1− |x|1)(∂if)
2
)
+ βn(r)µ
(∞)
α,α∞
(| f |)2
= rE˜
(∞)
α,1 (f, f) + β
(1)(r)µ(∞)α,α∞(| f |)
2,
there is a positive constant cn such that
β(1)(r) ≤ cn
(
r
3
)−[∑ni=1 1∨(2αi)+(α∞−1)+]
.
If m > n, according to [3, Theorem 1.2], we have the Poincare´ inequality for µ
(∞)
2 ,
µ
(∞)
2 (f
2) ≤
1∑n
i=1 αi + α∞
µ
(∞)
2
( ∞∑
i=n+1
xi(1− |x|1)(∂if)
2
)
+ µ
(∞)
2 (| f |)
2.
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According to [14, Theorem 1.1], we have the super Poincare´ inequality for µ1,
µ1(f
2) ≤ rµ1
( n∑
i=1
xi(1− |x|1)(∂if)
2
)
+ βn(r)µ1(| f |)
2,
there is a positive constant cn such that
βn(r) ≤ cnr
−[
∑n
i=1 1∨(2αi)+(α∞−1)
+].
Combining them together we get
µ(∞)α,α∞(f
2) = µ1(µ
(∞)
2 (f
2 ◦ T ))
≤ µ1
(
1∑n
i=1 αi + α∞
µ
(∞)
2
( ∞∑
i=n+1
xi(1− |x|1)(∂i(f ◦ T ))
2
))
+ µ1(µ
(∞)
2 (| f ◦ T |)
2)
= µ1
(
1∑n
i=1 αi + α∞
µ
(∞)
2
( ∞∑
i=n+1
xi(1− |x|1)
(
(∂if) ◦ T −
n∑
j=1
xj(∂jf) ◦ T
)2))
+ rµ1
(
µ
(∞)
2
( n∑
i=1
xi(1− |x|1)(∂i(f ◦ T ))
2
))
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤ 2µ1
(
1∑n
i=1 αi + α∞
µ
(∞)
2
( ∞∑
i=n+1
xi(1− |x|1)(∂if)
2 ◦ T
))
+ 2µ1
(
1∑n
i=1 αi + α∞
µ
(∞)
2
( ∞∑
i=n+1
xi(1− |x|1)
( n∑
j=1
x2j (∂jf)
2 ◦ T
)))
+ rµ1
(
µ
(∞)
2
( n∑
i=1
xi(1− |x|1)
(
∂if ◦ T ·
(
1−
∞∑
i=n+1
xi
))2))
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤ 2µ1
(
1∑n
i=1 αi + α∞
µ
(∞)
2
([ ∞∑
i=n+1
xi(1− |x|1)(∂if)
2
]
◦ T
))
+ 2µ1
(
1∑n
i=1 αi + α∞
µ
(∞)
2
([ n∑
i=1
xi(1− |x|1)(∂if)
2
]
◦ T
))
+ rµ1
(
µ
(∞)
2
([ n∑
i=1
xi(1− |x|1)(∂if)
2
]
◦ T
))
+ βn(r)µ
(∞)
α,α∞
(| f |)2
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≤
2∑n
i=1 αi + α∞
µ(∞)α,α∞
( ∞∑
i=1
xi(1− |x|1)(∂if)
2
)
+ rµ(∞)α,α∞
( n∑
i=1
xi(1− |x|1)(∂if)
2
)
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤
2
(
∑n
i=1 αi + α∞) infi≥1 γi
µ(∞)α,α∞
( ∞∑
i=1
xiγi(1− |x|1)(∂if)
2
)
+ rµ(∞)α,α∞
( n∑
i=1
xi(1− |x|1)(∂if)
2
)
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤ 3rµ(∞)α,α∞
( ∞∑
i=1
xiγi(1− |x|1)(∂if)
2
)
+ βn(r)µ
(∞)
α,α∞
(| f |)2.
We have used
γi ≥ 1, i ≥ 1
and let
1
inf i>n
(∑n
i=1 αi + α∞
)
γi
≤ r
to get these inequalities. So we get
µ(∞)α,α∞(f
2) ≤ rE˜
(∞)
α,1 (f, f) + βn
(
r
3
)
µ(∞)α,α∞(| f |)
2,
where n is the smallest value which satisfies
1
inf i>n(
∑n
i=1 αi + α∞)γi
≤ r.
4 The weighted super Poincare´ inequality for the sec-
ond type Dirichlet form
We can obtain the weighted super Poincare´ inequality for infinite-dimensional Dirichlet dis-
tribution and Dirichlet form E˜
(∞)
α,1 similar to Theorem 3.1.
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Theorem 4.1. Let γi ≥ 1, i ≥ 1. Denote
E˜
(∞)
α,2 (f, f) = µ
(∞)
α,α∞
( ∞∑
i,j=1
1
1−
∑
i>n xi
γiγjyi(δij − yj)∂if∂jf
)
, f ∈ D(E˜
(∞)
α,2 ).
Then the weighted super Poincare´ inequality
µ(∞)α,α∞(f
2) ≤ rE˜
(∞)
α,2 (f, f) + β
(2)(r)µ(∞)α,α∞(| f |)
2, f ∈ FC1(∆(∞))
holds, there is a constant cn such that
β(2)(r) ≤ cn
(
r
2
)−[∑ni=1 1∨(2αi)+(α∞−1)+]
,
where n comes from the smallest value which satisfies
1
(
∑n
i=1 αi + α∞) infi>1 γi
≤ r.
Proof. ∀r > 0, n is the smallest value which satisfies
1
(
∑n
i=1 αi + α∞) infi>1 γi
≤ r.
∀f ∈ FC1(∆(∞)), the number of the variables of f denoted as m. If m ≤ n, by the result of
[14], we have the super Poincare´ inequality
µ(∞)α,α∞(f
2)
≤ rµ(∞)α,α∞
( n∑
i,j=1
xi(δij − xj)(∂if∂jf)
)
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤ rE˜
(∞)
α,2 (f, f) + β
(2)(r)µ(∞)α,α∞(| f |)
2,
there is a positive constant cn such that
β(2)(r) ≤ cnr
−[
∑n
i=1 1∨(2αi)+(α∞−1)
+].
If m > n, according to [10, Proposition 3.3], we have the Poincare´ inequality for µ
(∞)
2
µ
(∞)
2 (f
2) ≤
1∑∞
i=n+1 αi + α∞
µ
(∞)
2
( ∞∑
i,j=n+1
xi(δij − xj)(∂if∂jf)(x)
)
+ µ
(∞)
2 (| f |)
2.
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According to [14, Theorem 1.1], we have the super Poincare´ inequality for µ1,
µ1(f
2) ≤ rµ1
( n∑
i,j=1
xi(δij − xj)(∂if∂jf)(x)
)
+ βn(r)µ1(| f |)
2,
there is a positive constant cn such that
βn(r) ≤ cnr
−[
∑n
i=1 1∨(2αi)+(α∞−1)
+].
Combining them together we get
µ(∞)α,α∞(f
2) = µ1(µ
(∞)
2 (f
2 ◦ T ))
≤ µ1
(
1∑∞
i=n+1 αi + α∞
µ
(∞)
2
( ∞∑
i,j=n+1
xi(δij − xj)∂i(f ◦ T )∂j(f ◦ T )
))
+ µ1(µ
(∞)
2 (| f ◦ T |)
2)
= µ1
(
1∑∞
i=n+1 αi + α∞
µ
(∞)
2
( ∞∑
i,j=n+1
xi(δij − xj)
(
[∂if ◦ T −
n∑
k=1
xk∂kf ◦ T ]
· [∂jf ◦ T −
n∑
k=1
xk∂kf ◦ T ]
)))
+ rµ1
(
µ
(∞)
2
( n∑
i,j=1
xi(δij − xj)∂i(f ◦ T )∂j(f ◦ T )
))
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤ µ1
(
1∑n
i=1 αi + α∞
µ
(∞)
2
([ ∞∑
i,j=n+1
yi(δij − yj)∂if∂jf
]
◦ T
))
− 2µ1
(
1∑n
i=1 αi + α∞
µ
(∞)
2
( ∞∑
i=n+1
n∑
k=1
yiyk∂if∂kf
)
◦ T
))
+ µ1
(
1∑n
i=1 αi + α∞
µ
(∞)
2
( ∞∑
j=n+1
yj
(
1−
∞∑
j=n+1
yj
)( n∑
k=1
xk∂kf ◦ T
)2))
+ rµ1
(
µ
(∞)
2
( n∑
i,j=1
xi
(
1−
∞∑
j=n+1
xj
)2
(δij − xj)(∂if∂jf) ◦ T
))
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤
1(∑n
i=1 αi + α∞
)µ(∞)α,α∞
( ∞∑
i,j=1
1
1−
∑
i>n xi
xi(δij − xj)∂if∂jf
)
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+ rµ(∞)α,α∞
( n∑
i,j=1
xi(δij − xj)∂if∂jf
)
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤
1(∑n
i=1 αi + α∞
)
inf i>n γi
µ(∞)α,α∞
( ∞∑
i,j=1
1
1−
∑
i>n xi
γiγjxi(δij − xj)∂if∂jf
)
+ rµ(∞)α,α∞
( n∑
i,j=1
xi(δij − xj)∂if∂jf
)
+ βn(r)µ
(∞)
α,α∞
(| f |)2
≤ 2rµ(∞)α,α∞
( ∞∑
i,j=1
1
1−
∑
i>n xi
γiγjyi(δij − yj)∂if∂jf
)
+ βn(r)µ
(∞)
α,α∞
(| f |)2.
We have used γi ≥ 1, i ≥ 1 and
1(∑n
i=1 αi + α∞
)
inf i>n γi
≤ r
to get these inequalities. So we get
µ(∞)α,α∞(f
2) ≤ rE˜
(∞)
α,2 (f, f) + βn(r)µ
(∞)
α,α∞
(| f |)2,
there is a positive constant cn such that
βn(r) ≤ cn
(
r
2
)−[∑ni=1 1∨(2αi)+(α∞−1)+]
,
where n is the smallest value which satisfies
1
inf i>n(
∑n
i=1 αi + α∞)γi
≤ r.
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